Examples of certain kind of 
minimal orbits of Hemann actions 

Naoyuki Koike 
Abstract 

We give examples of certain kind of minimal orbits of Hermann actions and 
discuss whether each of the examples is austere. 



1 Introduction 

Let N = G/K he & symmetrc space of compact type equipped with the G- invariant 
metric induced from the Killing form of the Lie algebra of G. Let H he sl symmetric 
subgroup of G (i.e., (Fixr)o C H C Fixr for some involution r of G), where Fixr 
is the fixed point group of r and (Fixr)o is the identity component of Fixr. The 
natural action of H on N is called a Hermann action (see [HPTT], [Kol]). Let 6 be 
an involution of G with (Fix0)o C K C Fix 9. According to [Co], when G is simple, 
we may assume that 9oT = To9hy replacing H to a suitable conjugate group of 
H if necessary except for the following three Hermann action: 

(i) Spip + q)r^ SU{2p + 2q)/S{Ui2p - 1) x U{2q + 1)) {p>q + 2), 

(ii) U{p + q + l) r\ Spin{2p + 2q + 2)/Spin{2p+l) 5'pm(2g+ 1) {p > q + 1), 

(iii) Spin{3) Spin{5) Spin{8) / fj,{Spin{3) Xz2 Spin{5)), 

where /i is the triality automorphism of Spin{8). Here we note that we remove 
transitive Hermann actions. 

Assumption. In the sequel, we assume that 9 o t = t o 9. Then the Hermann 
action H r\ G/K \s said to be commutative. 



Let 0,t and \] be the Lie algebras of G,K and respectively. Denote the in- 
volutions of Q induced form 9 and r by the same symbols 9 and r, respectively. 
Set p := Ker(0 + id) and q := Ker(r + id). The vector space p is identified with 
TexiG/K), where e is the identity element of G. Denote by the Killing form of g. 
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Give G/K the G-invariant metric arising from i3g[pxp- Take a maximal abelian sub- 
space b of pnq. For each /3 € b*, we set := {X € p | ad{bf{X) = -/3{b)'^X (V6 G 
b)} and A' := {/3 G b* \ {0} | / {0}}. This set A' is a root system. Let 
n' = {/?!, • • • ,(3r} be the simple root system of the positive root system A'^ of A' 



under a lexicographic ordering of b*. Set A'^ := {P G A'_,_ |py3 n q 7^ {0}} and 



A'+ := G A'+ I p^ n 7^ {0}}. Define a subset C of b by 



C := {6 G b |0 < P{b) < 7r(V/3 G A' 



■|</3(6)<|(V/3GA'J)}. 



The closure C of C is a simplicial complex. Set C := Exp(C), where Exp is the 
exponential map of G/K at eK. Each principal i^-orbit passes through only one 
point of G and each singular i^-orbit passes through only one point of Exp(5C). 

For each simplex a of C, only one minimal iJ-orbit through Exp((T) exists. See 
proofs of Theorems A and B in [K2] (also [I]) about this fact. For P G A'^, we set 

r . 

/3 = J2 i^iPij 1^13 '■= dimp^, := dim(p^ fl q) and := dim(p^ fl [)). Let Zo be 

1=1 

a point of b. We consider the following two conditions for Zq: 

PiZo) ^ 0, ^, |, |, ^ (modvr) (V^ G A^) & 



(I) 



E 



3nf + 



E 



/3 V 



/3 

H 



and 



(11) 



^aeA'Y s.t. l3{Zo)= f (modTr) /3eA'Y s.t. f3{Zo)= f (modyr) 

^eA':^^ s.t. /3(Zo)=^ (modTr) /3eA':^ s.t. /9(Zo)=^ (modTr) 

/9eA'^ s.t. /9(Zo)= ^ (modTr) /3GA';!j: s.t. ;9(Zo)= ^ (modTr) 

;3eA':f s.t. P{Zo)=% (modTr) /3eA':^ s.t. /9(Zo)=f (modTr) 

(i = ,r). 



;3(^o) = 0, |, |, ^ (modTr) (V^ G A^) & 



E 



P V , 



PeA'l s.t. /9(Zo)sf (modTr) 

E 

/3eA'^ s.t. /3(Zo)=^ (modTr) 



E 

/3eA':» s.t. /3(Zo)=^ (modTr) 



/3eA':^ s.t. /3(Zo)=f (modTr) 

(i = l,--- ,r). 



Denote by L the isotropy group of H at Exp Zq. Denote by f) (resp. t) the Lie algebra 
of H (resp. L) and Bq the Killing form of g. Also, denote by gi the induced metric 
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on the submanifold M in G/K and V the normal connection of the submanifold M. 
In the case where ([}, I) admits a reductive decomposition f) = [ + m, we denote the 
canonical connection of the principal L-bundle tt : H ^ H/L{= M) with respect 
to this reductive decomposition by Wm. Let F-^{M) be the normal frame bundle 
of M. Define a map rj : H F^{M) by r]{h) = Kuq {h G H), where uq is an 
arbitrary fixed element of F-^{M)exp Zo, where F-^(AI)exp Zo is the fibre of F-^(M) 
over ExpZo- This map r] is an embedding. By identifying H with rj{H), we regard 
TT : i7 — > H/L{= M) as a subbundle of F-^{M). Denote by the same symbol uj-^ 
the connection of F^{M) induced from ui-^ and V^" the linear connection on T-^M 
associated with lo^. 

In this paper, we prove the following results for the orbit M = i/(Exp Zq) of the 
Hermann action H r\G/K. 

Theorem A. If Zq satisfies the condition (I) or (II), then the orbit M is a minimal 
submanifold satisfying the following conditions: 

(i) ([), I) admits a reductive decomposition \) = l + m such that -Bg(l, m) = 0, 

(ii) = V^-" holds. 
Also, n Ker Ay is equal to 

5o*(3pn()(b)) + Yl ffo*(p^nq) 

l3eA'l s.t. /3(Zo)=f (modTr) 

+ Yl 5o*(p/3nf)), 

/3eA'f s.t. /3(Zo)=0 (modTr) 

where 3pnf)(b) is the centralizer ofb in p (It). 

Let M be a submanifold in a Riemannian manifold N. If, for any unit nor- 
mal vector V, the spectrum of the shape operator Ay is invariant with respect to 
the (— l)-multiple (with considering the multiplicities), then M is called an austere 
submanifold. By using Theorem A, we can show the following fact. 

Theorem B. Assume that Zq satisfies the condition (I) or (II). If = for 

all p G A'+ and if Zq satisfies (3{Zo) = 0, f , f , ^ (modvr) for all p G A'+, tiien the 
orbit M is an austere submanifold satisfying the conditions (i) and (ii) in Theorem 
A. 

Remark 1.1. The austere orbits of the commutative Hermann actions were classified 
in [I]. 

Also, we can show the following facts. 
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Theorem C. Assume that Zq satisfies the condition (I). In particular, if A'^ Ci 

A'+ = 0, if/3(Zo) = 0, f , ^ (modyr) for all /S G A'^ andifl3{Zo) = |, f , ^ (modvr) 
for all l3 e A'^, then M is a minimal submanifold satisfying the conditions (i), (ii) 
in Theorem A. Furthermore, if the cohomogeneity of the H-action is equal to the 
rank of GIK, then {gi)eL = |-Bg|mxm and fl Ker A^ = {0} hold. 

veT^M 

Theorem D. Assume that Zq satisfies the condition (I). In particular, if A'^ fl 
A' J = 0, ifPiZo) = 0, f , ^ (modTr) for all /3e A'^ andif/3{Zo) = f , f , ^ (modTr) 

for aU 13 G A'f , then M is a minimal submanifold satisfying the conditions (i), (ii) 
in Theorem A. Furthermore, if the cohomogeneity of the H-action is equal to the 
rank of G/K, then (gi)eL = i-BnUxm and n Ker^^ = {0} hold. 

Theorem E. Assume that Zq satisfies the condition (II). In particular, if A'^ fl 
A':^ = 0, if/3(Zo) = 0, f , ^ (modvr) for ah A'l and if /3(Zo) = f , f , ^ (modyr) 
for all P G A'", then M is a minimal submanifold satisfying the conditions (i), (ii) 
in Theorem A. Furthermore, if the cohomogeneity of the H-action is equal to the 
rank of G/K, then {gi)eL = ^-Bg|mxm and fl Ker = {0} hold. 

Theorem F. If A'^ n A';^ = 0, if (3{Zo) = 0, f (modyr) for aU 13 G A'+, then M 
is a totally geodesic submanifold satisfying the conditions (i), (ii) in Theorem A. 
Furthermore, if the cohomogeneity of the H-action is equal to the rank of G/K, 
then {gi)eL = ^sUxm holds. 

Remark 1.2. (i) li H = K then we have A';^ = and hence A'^ n A';^ = 0. 

(ii) In Theorems C~F, when G is simple, there exists an inner automorphism p 
of G with p{K) = Hhy Proposition 4.39 of [I]. 

In the final section, we give examples of Hermann actions H rv G/K and Zq E b 
as in Theorems B, C and F. 

2 Basic notions and facts 

In this section, we recall some basic notions and facts. 

Shape operators of orbits of Hermann actions 

Let H r\ G/K he a Hermann action and 6 (rcsp. r) an involution of G with 
(Fix^)o C K C Fix6 (resp. (FixT)o C H C Fixr). Assume that 9 o t = t o 6. 
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Let t, p, {), q, b, p^, A', A'l and A'^ be as in Introduction. Fix G b. Set 
M := H{FjxpZo) and go := exp Zq, where Exp is the exponential map oi G/K at 
eK and exp is the exponential map of G. Set 

:= {P e A'l I p{Zo) = (modTT)} 

and 

A%:= {^GA'J|^(Zo)^|(mod7r)}. 

Denote by A the shape tensor of M. The tangent space TexpZqM of M at ExpZo 
is given by 



(2.1) TE^pZoM = go* 



and hence 



3pnf,(b)+ J] (P/3nq)+ ^ (p/3 n f)) 

y /3eA'Y\A'^^ /36A'«\A'« J 



(2.2) r4pZo^ = 5oJb+ ^ (P/3nq)+ (P/3nW 

Denote by L the isotropy group of the i?-action at Exp^g. The slice represen- 
tation pf^ : L — >■ GL{T^^p^^M) of the il-action at ExpZo is given by p%^{h) = 

/i*ExpZoIt£l , m {he Hzo)- Then we have U PzoWigo*^) = T-^ and 

"^4oW(9o.«)lp|Jh){ffo*{3pnf,{b))) = ^' 

(2.3) ^p|jfe){9o,'«)lp|,//»)(9„.(P;3nq)) = ~tan/3(Zo)''^ ^ ^ 
^p|^W(,o*.)lp|„W(flo*(p,nf,)) = /3(^i)tan/3(Zo)id (/^ G A'f \ A'fj, 

where h E L and G b. 

The canonical connection 

Let H/L be a reductive homogeneous space and f) = t + m be a reductive decom- 
position (i.e., [t, m] C m), where f) (resp. I) is the Lie algebra of H (resp. L). Also, 
let TT : P — >■ H/L be a principal G-bundle, where G is a Lie group. Assume that H 
acts on P as Tr{h ■ u) = h ■ 7r(n) for any u E P and any h E H. Then there uniquely 
exists a connection a; of P such that, for any X £ m and any n G P, t H> (exp tX){u) 
is a horizontal curve with respect to uj, where exp is the exponential map of H. This 
connection ui is called the canonical connection of P associated with the reductive 
decomposition i) = l + m. 
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3 Proof of Theorems A~F 

In this section, we shall first prove Theorems A~F. We use the notations in In- 
troduction. Let H r\ G/K he a Hermann action and Zq be an element of b. Set 
M := H{E^pZo). 

Proof of Theorem A. Denote by H the mean curvature vector of M. Prom (2.1) and 
(2.3), we have 

{'HE^pZo,Pzoih)i9o*v)) = ~Y1 Yl tan B(Z Z '^^-* 

r 



+ E E nfmf tan ;3(Zo)A(«) 



«=1 /3eA':J\A'« 



Zn 



for any v E b and any h E L. Hence, T^ExpZo vanishes if and only if the following 
relations hold: 



p V 



y ^^7^= y rifmf tan^(Zo) 
C3 1) ^ tan;3(Zo) ^ ' ^ ^ ^ 

(i = 1, • • • ,r). 

Since Zq satisfies the condition (I) or (II) in Theorem A, (3.1) holds, that is, ^ExpZo 
vanishes. Therefore M is minimal. 

Next we shall show that there exists a reductive decomposition f) = I + m with 
Bg(l,m) = 0. Easily we have 

(3.2) l = 3«nf,(b)+ Yl (^/3n[))+ Yl (P/^^f^)- 



Define a subspace m of {) by 



(3.3) m:=3pnf,(b)+ ^ (fi^ n f)) + J] (p^ n b). 

/3eA'^\A'^^ /3eA'«\A'« 

Easily we can show that \) = l+m is a reductive decomposition and that -Bg(l, m) = 0. 

Next we shall show that V^-" = V"^. Take v e b{c Qo^^T^^pZoM). Set gs := 
exp(l — s)Zq. Let Z : [0, 1] — > b be a C°°-curve such that Z{0) = Zq and that 
Z{{0, 1]) is contained in a fundamental domain of the Coxeter group associated 
with the principal iJ-orbit at an intersection point of the orbit and b. Set Mg '■= 
i7(ExpZ(l - s)) (0 < s < 1). Denote by the shape tensor of Ms and V the 
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Levi-Civita connection of G/K. Let be the i^-equivariant normal vector field of 
Ms (0 < s < 1) arising from gs*v. Since Mg (0 < s < 1) is a principal orbit of a 
Hermann (hence hyperpolar) action, is well-defined and it is a parallel normal 
vector field with respect to V-^. Take X G n f) (c m) (/3 G A'^ \ A'^J. Then, by 
using (2.3), we have 

and hence 

Hence wc obtain V;^, (exp t-'^)*Exp(Zo)('") = 0- Take y G n (C m) (/3 G 

Exp Zq ' 

A'" \ A'fj. Then, by using (2.3), we have 

^^-Expzd-.)^' = -^'^Expzd-.) = -^(^)tan/3(Zo)yE*xp^(i_,). 

and hence 



= -^(t;)tan;3(Zo)yE*xpZo ^ TexpZo^^- 

Hence we obtain Vy^ ^ (exp iy)*Exp(Zo)('f) = 0- Therefore, it follows from the 

arbitrariness of X, Y and (3 that t t-^ (exp tX)*ExpZo(^) is V"'"-parallel along t i-^ 
(exp tX)(ExpZo) for any X e m. Take any h E L. Similarly we can show that 
t I-)- (exp iX)*ExpZo(p|{,(^))(5o*'y)) is V-'--parallel along t (exp tX)(Exp Zq) for 
any X G m. Note that this fact has been showed in [1ST] in different method. On the 
other hand, it follows from the definition of a; that t i— > (exp i-^)*ExpZo(pf„(^)(5'0*^)) 
is V^^-parallel along t i-^ (exp tX)(Exp Zq) for any X G m. Therefore we obtain 
V"*" = V^™. The statement for fl Ker^^ follows from (2.3) directly. 

q.e.d. 

Next we prove Theorem B. 
Proof of Theorem B. This statement of this theorem follows from (2.3) directly. 

q.e.d. 
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Next we prove Theorems C~F. 



Proof of Theorems C^F. Define a diffeomorphism ijj : H/L —^Mhy ip(hL) :- 
h ■ ExpZo {h G H). Next we shall show that {ip*gi)eL = cBg\mxm: where 



3 

i 
i 

2 
1 



(in case of Theorems C) 

(in case of Theorem D) 

(in case of Theorem E) 
(in case of Theorem F). 



In the sequel, wc omit the notation tp* . For each X G m(= T^.l{H/L) = T^xp z^M), 
denote byX* the Killing field on M associated with X, that is, X* := ^|t=o(exp tX){p) 
{p G M). From the definition of ip, we have il'*eLX = X^^^^^. Take Sjs^ e fjj^Dt) 

{Pi e A'^" \ A'zf) and 5/?, ep^.n^ {P2 e A^^ \ A'^/). Let Tp^ be the element 
of p^j n q such that ad(6)(>S'^j) = (3i{b)Tp^ for any b Eb. Then we have 



(3.4) 

and 

(3.5) 



AeUSp^) = (S^JexpZo = -sin^i(Zo)(exp Zo)^{Tp^) 



i^*eL{Sp^) = (S^JexpZo = cos^2(-^o)(exp Zo)*(%). 



Hence, since H and Zq is as in Theorems C~F, we have {gi)eL{.Sp^,Sp^) = cBq{S^-^^,Sp^] 
and {gi)eL{Si32, Si3.^) = cBq{Sp^, Sp^). If the cohomogeneity of the ff-action is equal 
to the rank of G/K, then we have 3pn()(^') = 0. Therefore we obtain {gi)eL = 
cB„ 



■"glmxm- Also, in Theorems C-^E, n Kei Ay 



for n Ker Ay in Theorem A directly. 



{0} follows from the statement 

q.e.d. 



4 Examples 

In this section, we give examples of a Hermann action H r\G/K and G C as in 
Theorems B, C and F. We use the notations in Introduction. 



Example 1. We consider the isotropy action of S'C/(3ra+ 3) /SO (3ra+ 3). Then we have 
A+ = AV = A'^ (which is of (a3„+2)-type) and A'^ = 0. Let H = {A, • • • , 

be a simple root system of A^, where we order • • • , l3zn+2 as the Dynkin diagram 

of A+ is as in Fig. 1, A+ = {A H ^ < ij < 3n + 2}. For any /3 G A'^, 

we have mp = 1. Let Zq be the point of b defined by (3n+iiZo) = /32n+2(^o) = f 
and Pi{Zo) = {i G {1, ■ ■ ■ , 3n + 2} \ {n + 1, 2n + 2}). Clearly we have mY = 1, 
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= and P{Zo) = 0, | or ^ (mod vr) for any P G A^. For simplicity, set 
Pij '■= Pi + ■ ■ ■ + Pj (1 < ^ < i < 3n + 2). Easily we can show 

{;9g A'^|/3(Zo)^| (modTT)} 
= {(3ij \ l < i < n + 1 < j < 2n + 2, OT n + 1 < i < 2n + 2 < j < Sn + 2} 

and 

{/3g A'l^|/3(Zo)^^ (modvr)} 
= {l3ij\l <i <n+l,2n + 2 < j <3n + 2}. 

From these facts, it follows that the condition (I) holds. Thus Zq is as in the 
statement of Theorem C. Also, it is easy to show that M is not austere. 

-<D 

Figure 1. 

Example 2. We consider the isotropy action of 5'[/(6n + 6)/S'j)(3n + 3). Then we have 
A+ = a; = A'^ (which is of (a3„+2)-type) and A'^ = 0. Let H = {/3i, • • • , 
be a simple root system of A'_)_ , where we order /3i , • • • , /33n+2 as above. We have 
= 4 for any ^ G A^. Let Zq be the point of the closure of b defined by 
/3„+i(Zo) = /32„+2(^o) = f and A(Zo) = (i G {1, • • • , 3n + 2} \ {n + 1, 2n + 2}). 
Clearly we have rn^ = 4, = and /3(Zo) = 0, ^ or ^ (mod vr) for any /3 G A^. 
For simplicity, set := /3j + • • • + /3j (1 < i < j < 3n + 2). Easily we can show 

{;3g A'l^|;3(Zo) = | (modTT)} 
= {Pij\l<i<n + l<j <2n + 2, on n + l<i<2n + 2<j <Zn + 2} 

and 

{/3g A'l;:|/3(Zo) = y (modTT)} 
= {Aj 1 1 < « < + 1, 2n + 2 < j < 3n + 2}. 

From these facts, it follows that the condition (I) holds. Thus Zq is as in the 
statement of Theorem C. Also, it is easy to show that M is not austere. 

Example 3. We consider the isotropy action of SU {3)/S{U (1) x U (2)) (2-dimensional 
complex projective space). Then we have A_|_ = A'_,_ = A'^ = 2/3} and A';^ = 0, 
= 2 and 1712/3 = 1- Let Zq be the point of b defined by (3{Zq) = |. Clearly Zq 
satisfies the condition (I). Thus Zq is as in the statement of Theorem C. Also, it is 
easy to show that M is not austere. 
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Example 4- We consider the isotropy action of Sp{3n + 2) /U (3n + 2). Then we have 
A+ = AV = A'^ (which is of (c3n+2)-type) and A':^ = 0. Let U = {/3i, • • • , ^3n+2} 
be a simple root system of A'_,_ , where we we order Pi, - • • , /33n+2 as the Dynkin 
diagram of A'^ is as in Fig. 2. We have = 1 for any /3 G A'_,_. Let Zq be 
the point of b defined by Pn+ii^o) = P2n+2{Zo) = P3n+2{Zo) = f and PiiZo) = 
(i G {1, • • • , 3n + 2} \ {n + 1, 2n + 2, 3n + 2}). Clearly we have = 1, = 
and /3(Zo) = 0, ^ or ^ (mod tt) for any /3 € A'_,_. For simphcity, set f3ij := (3i + 
• • • + /3i (1 < ^ < j < 3n + 2), ft := 2(ft + • • • + /^sn+i) + hn+2 and % := 
ft + • • • + + 2{Pj + ■■■ + ^3n+i) + /33n+2 (1 < i < J < 3n + 1). Easily we can 
show 

{^G A'l;:|/?(Zo) = | (modTT)} 

= {ftj |l<i<n + l<j<2n + 2orn + l<i<2n + 2<j<3n + 2 
or 2n + 3 < i < j = 3n + 2} 

U{ft I 2n + 3 < i < 3n + 1} 

U{ftj I 2n + 3 < i < j < 3n + 1 or 1 < i < n + 1 < j < 2n + 2} 

and 

{/?€ A'^|/3(Zo) = |^ (modvr)} 

= {fti I "1 < i < n + 1 & 2n + 2 < j < 3n + 1" or 
"n + 2 < i < 2n + 2 & j = 3n + 2"} 

U{ft I 1 < i < n + 1} 

U{ftj 1 1 < i < j < n + 1 orn + 2 < i < 2n + 2 < j < 3n + 1}. 

From these facts, it follows that the condition (I) holds. Thus Zq is as in the 
statement of Theorem C. Also, it is easy to show that M is not austere. 

<KO 

/3l A /33n+l /33n+2 

Figure 2. 

By refering Tables 1 and 2 in [K2], we shall list up Hermann actions of co- 
homogeneity two on irreducible symmetric spaces of compact type and rank two 
satisfying 

(i) m^ = mf [ype AV) or (ii) A'^;; n A'^ = 0. 
All of such Hermann actions satisfying (i) are as in Table 1. In Table 1, P means 

(m) 

= mjj = m. All of such Hermann actions satisfying (ii) arc the dual actions 
(see Table 3) of Hermann actions on symmetric spaces of non-compact type as in 
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Table 2. In Table 3, /3 means rrig or rrig is equal to m. Since the Hermann actions 

(m) 

in Table 2 are commutative, so are also the Hermann actions in Table 3. Also, 
smce = as in Table 3 and G/K is irreducible, there exists an inner 

automorphism p oi G with p{K) = H hy Proposition 4.39 in [I]. According to the 
proof of the proposition, p is given explicitly by p = AdG(exp 6), where Ado is the 
adjoint representation of G and b is the element of b satisfying 



mb),/52{b)) = { 



(0, |) (in case of (1),(2),(3),(4),(6),(9),(10),(11)) 
(^,0) (in case of (5),(7)) 
{2^2^ (in case of (8)). 



H rx G/K 


A'X = A'« 


50(6) rx SU{6)/Sp{3) 


{/3i,/32,/3i+/32} 

(2) (2) (2) 


SO(2f X 50(3)2 rv (SO{5) x 50(5))/50(5) 


{/3i,/32,/3i +/32,2/3i + /32} 
(1) (1) (1) (1) 


SU{2f ■ SO{2f n. (5p(2) x Sp{2))/Sp{2) 


{/3i,/32,/3i+/32,2/3i+/32} 
(1) (1) (1) (1) 


5p(4) rx Eq/Fa 


{/3i,/32,/3i+/32} 

(4) (4) (4) 


SV(2)* n. (Gi X G2)/G > 


\:h ■ ■?2. + -^2-2.-^1 ^ 3^1 + :?2. 3:^1 + 202} 

(1) (-1) (i) UJ (i) UJ 



Table 1. 



(1) 


50o(l,2) rx SL(3,R)/SO{3) 


(2) 


5p(l,2) r>S?7*(6)/Sp(3) 


(3) 


U{2,3) r\SO*{W)/U{5) 


(4) 


50o{2, 3) rx 50(5, C)/50(5) 


(5) 


1) rx Sp{2,R)/Ui2) 


(6) 


Sp(2,R) rv 5p(2,C)/5p(2) 


(7) 


5p(l,l)r>5p(2,C)/Sp(2) 


(8) 


5O*(10) • {/(I) B^"/5pm(10) • {/(I) 


(9) 


rv 


(10) 


5L(2,IR) X 5L(2,R) r> G|/50(4) 


(11) 


Gi r> GC/G2 



Table 2. 
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11 r . a/K 




" + 


(1) 


50o(l,2)* r\ SU(3)/SO(3) 


(1) 


•f/39 01 + 09^ 

(1) (1) 


(2) 


Sp(l, 2)* r\ SU{6)/Sp{3) 


(4) 


(4) (4) 


(3) 


U{2, 3)* rv 50(10) /C7(5) 


2/3i 201 + 2/391 

(4) (1) (1) 


SR., R, _i_ fl„ 2/3i + /39> 

LMz ■ Mi 1 H ^Mi ^ M-^ J 
(4) (4) (4) 


(4) 


50o(2,3)* r\ (SO(5) x 50(5))/50(5) 


(2) 


(2) (2) (2) 


(5) 


U(l, 1)* r\ Sp(2)/U(2) 


i 02,201 +02} 

(1) (1) 


{01 , /3l + 02} 

(1) (1) 


(6) 


5p(2,K)* r> {Spit) X Sp(2))/Sp(2) 


{M 

(2) 


{/32,/3i +/32,2/3i +/32} 

(2) (2) (2) 


(7) 


5p(l, 1)* (5p(2) X Sp(2))/Sp{2) 


{/32,2/3i +/32} 

(2) (2) 


{01,01+02} 
(2) (2) 


(8) 


(SO*(10) • U(1)Y E(i/Spin{lQ) ■ U(l) 


{/3i,2/3i,2/3i +2/32} 

(8) (1) (1) 


{/32,A +^2,2/3i +/32} 
(6) (9) (5) 


(9) 




{/3i} 

(8) 


{02,^1+02} 
(8) (8) 


(10) 


{SL{2,R) X 5L(2,M))* rvG2/SO(4) 


{/3i, 3/31+2/32} 
(1) (1) 


{/32, /3i + /32, 2/3i + /32, 3/3i + /32} 

(1) (1) (1) (1) 


(11) 


(Gl)* (G2 X G2)/G2 


{/3i, 3/31+2/32} 

(2) (2) 


{02,01 + 02,201 + 02, 3/3l + 02} 
(2) (2) (2) (2) 



Table 3. 

According to Theorem B, we obtain the following fact. 

Proposition 4.1. Let H r\ G/K hea Hermann action in Table 1 and Zq an element 
ofb satisfying (^i(Zo),/32(^o)) = (0, f ), (f ,0) or (f, f ). Tiien M = //(ExpZo) is 
a (non-totally geodesic) austere submanifold. 

Denote by ^(a,fe) the element Z of b satisfying {f^iiZ), /32{Z)) = (a, 6). In the case 
where A' is of type (02), three points of b as in Proposition 4.1 are as in Figure 3. 





.,(/5i+/32)-ni) 








///////n/fJh. ^1^1' 

mmMmK 







Figure 3. 
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Proposition 4.2. Let H r\ G/K he a Hermann action in Table 3 and Zq an 
element of the closure of C(C b) such that H(ExpZq) is minimal. Then, as in 
Tables 4 ~ 13, Zq satisfies the condition in Theorem C or F, or it does not satisfy 
the conditions in Theorems C^F. 

Remark 4-1- There exist exactly seven elements Zq of the closure of C(c b) such 
that iJ(Exp Zq) is minimal. 



(a, 6) 


^(a.b) 


M = SOo(l,2)*(ExpZ(„,i,)) 


dimM 


(0,-f) 


as in Theorem F 


one-point set 





(0,§) 


as in Theorem F 


one-point set 





(T,-f) 


as in Theorem F 


one-point set 





(0,0) 


as in Thcorciii F 


totally geodesic 


2 


(1-0) 


as in Theorem F 


totally geodesic 


2 


/ 7r n \ 
^ 2 ' 2' 


as in Theorem F 


totally geodesic 


2 


/ TV TT \ 

3 ' G> 


as in Theorem C 


not austere 


3 



50o(l,2)* SU{3)/SO{3) 
{dim SU (3) /S0{3) = 5) 

Table 4. 



The positions of Zq's in Table 4 are as in Figure 4. 



.(/3i + /32)-Hf) 





/ ■"'"■(/32)-H-f) 


Z( ^ ^\ /// 


^.....■---■■•-^(f'O) 


^(O'-f)--. /ml 








(^i)-Ho)/ / 


\ '^(o,f) 


-^(0,0) 





Figure 4. 
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(a,b) 


•Z{a,6) 


M = 5p{l,2)*(ExpZ(„,6)) 


dimM 


(0,-i) 


as in Theorem F 


one-point set 





(0,f) 


as in Theorem F 


one-point set 





(T,-f) 


as in Theorem F 


one-point set 





(0,0) 


as in Theorem F 


totally geodesic 


8 


(§,0) 


as in Theorem F 


totally geodesic 


8 


/ TT 7r \ 
2 ' 2 / 


as in Theorem F 


totally geodesic 


8 


(- --) 

VS' 6-' 


as in Theorem C 


not austere 


12 



Sp{l,2)* SU{6)/Sp{3) 
{dim SU (6) /Spis) = 14) 

Table 5. 



The positions of Zq's in Table 5 are as in Figure 4. 



(«,&)) 




M = [/(2,3)*(ExpZ(„,,,)) 


dimM 


(0-f) 


as in Theorem F 


one-point set 





(0,0) 


as in Theorem F 


totally geodesic 


12 


/ 7r 7r \ 
>- 2 ' 2) 


as in Theorem F 


totally geodesic 


8 


(arctan , -f — arctan ^ | ) 


not as in Theorems C~F 


not austere 


14 


(0, arctan ^^) 


not as in Theorems C~F 


not austere 


13 


(arctan , — arctan ) 


not as in Theorems C^F 


not austere 


17 


(ao,&o) 


not as in Theorems C~F 


not austere 


18 



U{2,3)* r^SO{W)/U{5) 
{dimSO{10)/U{5) = 20) 

Table 6. 



The positions of Zq's in Table 6 are as in Figure 5. Also, the numbers oq and 60 
in Table 6 are real numbers such that ao, 60 ^ |, |, f , ^ (mod-Tr). 
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..(2/3i+^2)-^(f) 




Figure 5. 



{a,b) 




M = 50o(2,3)*(ExpZ(„,b)) 


dim M 


(0,-f) 


as in Theorem F 


one-point set 





(o,f) 


as in Theorem F 


one-point set 





>■ 2 ' 2 / 


as in Theorem F 


totally geodesic 


4 


(0,0) 


as in Theorem F 


totally geodesic 


6 


(arctan \/3, ^ -f ) 


not as in Theorems C~F 


not austere 


6 


(arctan \/3, f" — 2 arctan -^/S) 


not as in Theorems C'^F 


not austere 


6 


(arctan -j= , — arctan ) 


not as in Theorems C~F 


not austere 


8 



50o(2,3)* r> {SO{5) x SO{5))/SO{5) 
(dim (50(5) X SO{5))/SO{5) = 10) 

Table 7. 



The positions of Zq's in Table 7 are as in Figure 6. 



(2/3i + ^2)-^(f) 

(^2)-^(-f) 



Z, 




Figure 6. 
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(a, 6) 




= C/(l,l)*(ExpZ(„,f,)) 


dimM 


(§>o) 


as in Theorem F 


one-point set 







as in Theorem F 


one-point set 





(0,0) 


as in Theorem F 


totally geodesic 


2 




as in Theorem C 


not austere 


3 


/ IT IT \ 

^ 6 ' 3 


as in Theorem C 


not austere 


3 


(o,f) 


as in Theorem F 


totally geodesic 


3 


(0, arctan V2) 


not as in Theorems C~F 


not austere 


4 



U{l,l)* rxSp{2)/U{2) 
(dim5p(2)/C/(2) = 6) 

Table 8. 

The positions of Zq's in Table 8 are as in Figure 7. 




Figure 7. 
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{a,b) 




M = 5p(2,M)*(ExpZ(,,6)) 


dim M 


(0,-f) 


as in Theorem F 


one-point set 





(o,f) 


as in Theorem F 


one-point set 





/ TT TT \ 
2 ' 2^ 


as in Theorem F 


totally geodesic 


4 


(0,0) 


as in Theorem F 


totally geodesic 


6 


(arcl.iiii V ) 


not ;is ill Tlicoi'ciiis C'-^i-' 


iiul auslc'it; 


6 


(arctan i/3- f- ^ 2 arctan V3) 


not as in Theorems C~F 


not austere 


6 


(arctan , — arctan ) 


not as in Theorems C~F 


not austere 


8 



Sp{2,R)* n. {Sp{2) X Sp{2))/Sp{2) 
{diui{Sp{2) X Sp{2))/Sp{2) = 10) 

Table 9. 

The positions of Zq's in Table 9 are as in Figure 6. 



{a,b) 


^(a,6) 


M = Sp(l,l)*(ExpZ(,,(,)) 


dimM 


(f.o) 


as in Theorem F 


one-point set 





(-f>-) 


as in Theorem F 


one-point set 





(0,0) 


as in Theorem F 


totally geodesic 


4 


(f.o) 


as in Theorem C 


not austere 


6 


/ TT TT \ 

6 ' 3 


as in Theorem C 


not austere 


6 


(0,f) 


as in Theorem F 


totally geodesic 


6 


(0, arctan \/2) 


not as in Theorems C~F 


not austere 


8 



Sp{l,\r rx{Sp{2)xSp{2))/Sp{2) 
(dim(Sp(2) X Sp{2))/Sp{2) = 10) 

Table 10. 

The positions of Zq's in Table 10 are as in Figure 7. 
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(a, 6) 


^(a,6) 


M = {SO* (10) ■ C7(l))*(ExpZ(,,t)) 


dim M 


(0,0) 


as in Theorem F 


totally geodesic 


20 


(o,f) 


as in Theorem F 


one-point set 





/ 7r 7r ^ 
2 ' 2 


as in Theorem F 


totally geodesic 


17 


(0,ai) 


not as in Theorems C~F 


not austere 


21 




as ill 1 iicorciiis ( '^i-' 


not a.uslt!io 


29 


(as.f -2a3) 


not as ill Tiicorciiis C^-^F 


not austere 


25 


(04,6) 


not as in Theorems C~F 


not austere 


30 



{SO* (10) ■ U{1))* E6/Spin{W) ■ U{1) 
{dim Ed) Spin{W) • C/(l) = 32) 

Table 11. 



The positions of Zq's in Table 11 are as in Figure 8. The numbers {i = 1, 2, 

TV IT IT StV 

6' 3' 4' 4 



and b in Table 11 are real numbers such that ai,b ^ f > f ; f > x (™ocl7r). 



(^2)-^(0)„, 




Z(ir ITS 
V 2 ' 2' 


,-^(o3,f-2a3) 


(/3i + ^2)-^(0)-\^ 


„.••■■ / (2/3i+/32r^(f) 


7 ^^^^^^^ 
■^(02,-02) 


1^^..^^^ '■■■■■Vf) 




\ '■■^(0,0) 

■(^i)-'(o) 



Figure 8. 
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(a,b) 




M= (F4-20)*(ExpZ(„,6)) 


dimM 


(o,-§) 


as in Theorem F 


one-point set 





(0,f) 


as in Theorem F 


one-point set 





(T,-f) 


as in Theorem F 


one-point set 





(0,0) 


as in Theorem F 


totally geodesic 


16 


(f,0) 


as in Theorem F 


totally geodesic 


16 


V 2 ' 2> 


as in Theorem F 


totally geodesic 


16 


(- --) 

\3' 6' 


as in Theorem C 


not austere 


24 



{dim Eq/F^ = 26) 
Table 12. 

The positions of Zo's in Table 12 are as in Figure 4. 



{a,b) 




M= (5L(2,M) X SL(2,M))*(ExpZ(,,6)) 


dimM 


(0,-f) 


as in Theorem F 


one-point set 





(o,f) 


as in Theorem F 


one-point set 





/ TT 7r \ 
2 ' 2> 


as in Theorem F 


totally geodesic 


4 


/ 7r 7r \ 
V 3 ' 2' 


as in Theorem C 


not austere 


3 


(arctan V5, -f — 2 arctan \/5) 


not as in Theorems C~F 


not austere 


5 


(04, 62) 


not as in Theorems C~F 


not austere 


6 



(5L(2,M) X SL{2,R))* r> G2/SO{4) 
(dimG2/50(4) = 8) 

Table 13. 

The positions of Zq's in Table 13 are as in Figure 9. The numbers 04 and 62 in 
Table 13 are real numbers such that 04, 62 ^ f ; f ; f ; x 
(modTr). 
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(2/3i + ^2)-Hf) 




Figure 9. 



(a, 6) 


^(o,.6) 


M = (G2)* (Exp 


dim M 




as ill TlKX..)i tnii i-' 


tJlit!-poilll bCl 


(J 


(o.f) 


as in Theorem F 


one-point set 





(f:-f) 


as in Theorem F 


totally geodesic 


8 


/ TT TT \ 

V 3 > 2 


as in Theorem C 


not austere 


6 


(arctan \/5, "§ ~ 2 arctan \/5) 


not as in Theorems C~F 


not austere 


10 


(15,63) 


not as in Theorems C~F 


not austere 


12 



(GD* rx {G2 X G2)/G2 
(dim (G2 X G2)/G2 = 14) 

Table 14. 



The positions of Zq^s in Table 14 arc as in Figure 9. The numbers and 63 in 
Table 14 are real numbers such that 04, 62 ^ f i f > f > x (modTr). 
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